A numerical method based on the extension of the variable material property method was developed to obtain the elasto-plastic stress field in a functionally graded (FG) rotating disk. The method was applied to estimate the stress field in a metal-ceramic functionally graded solid disk. To establish the validity of the proposed method, results were compared with finite element results. Unlike uniform rotating disks, where yielding starts from the disk center, plasticity in FG disks can originate at any point. The effect of different metalceramic grading patterns as well as the relative elastic moduli and densities of the ceramic and metallic constituents on the developed stresses were studied. Reinforcement of a metal disk with ceramic particles, in both elastic and plastic regimes, can significantly influence the mechanical response of the disk such as the stress distribution and the critical angular velocities corresponding to the onset of plasticity in the disk and plastic disk. Disks with increasing ceramic content from inner to outer radius showed a more uniform von Mises stress distribution for a fixed value of total ceramic content. In contrast, disks with decreasing ceramic content from inner to outer radius had the lowest outer edge displacement for a fixed value of total ceramic content.
Introduction
Rotating disks have broad applications in gas turbines, high speed gears, fly wheels, and compact discs. Optimizing the design of a rotating disk and also assessing the failure risk require understanding its behavior in the elasto-plastic regime. In this context, numerical and analytical investigations have been extensively used to predict the deformation, failure, and stress and strain fields in a uniform rotating disk under different loading conditions (e.g., see Refs. [1] [2] [3] [4] [5] [6] [7] ). The stress field in a uniform rotating disk-under elastic or elasto-plastic loading condition-is not uniform and the maximum stress occurs at the center of the disk. The nonuniform distribution of stresses is a key barrier in designing rotating disks with enhanced performance (e.g., minimum weight design, maximum stored energy, minimum outer edge displacement, and uniform stress distribution). One avenue for addressing this challenge is to vary the thickness and/or density of the rotating disk along its radius to make the stress distribution near-uniform [8] [9] [10] [11] [12] [13] . However, excessive manufacturing costs of such disks at high precision and restrictions due to the curved geometry generally make this solution infeasible. An alternative approach is to use materials with varying properties [14] [15] [16] . In this context, FG materials are promising candidates as they avoid the negative effects of abrupt changes in the material constituent due to their unique composition. Moreover, the manufacturing of FG disks with radially varying properties is technically possible by controlling the relative distribution of the disk material constituents (e.g., reinforcement particles and metal matrix) using techniques such as the centrifugal casting process [17] [18] [19] [20] .
The analysis of rotating objects (disk, shafts, beams, etc.) with varying material properties is generally challenging, since the interaction between different deformation modes could lead to a complex state of stress and deformation, including out of plane deformation, vibration, warping, and instability [21] [22] [23] [24] [25] [26] . For a disk with material variation in the radial direction, the structure can be discretized to uniform rings of different radii with infinitesimal width. The elastic analysis for stress and deformation fields in a FG rotating disk with exponentially and parabolically varying elastic modulus in the radial direction is presented by Eraslan and Akis [27] . Similar semi-analytical and numerical studies have been carried out for FG elastic disks [28] [29] [30] [31] . In this study, we provide an analytical method for estimating the elasto-plastic stresses in a rotating disk with varying elastic and plastic properties in the radial direction. The proposed method is an extension of the variable material properties (VMP) method [32, 33] , and is discussed in Sec. 2. In this method, the functionally graded material parameters are considered as field variables and the linear elastic solution of a boundary value problem is used to generate the inelastic solution in an iterative manner. The analysis method is applicable to both hollow and solid disks with different boundary conditions, multilayered rotating disks, disks with temperature gradients, and disks with varying thicknesses and material properties, as long as the problem has an axisymmetric condition. This method is generally very effective and the solution can be obtained after few iterations. The method also yields accurate solutions for the elasto-plastic stress distributions compared to other approaches such as the semi-analytical method presented by You and Zhang [1] for uniform elasto-plastic disks as explained in Sec. 3. In Sec. 4, we applied the method developed to analyze the elasto-plastic stresses in a FG rotating disk reinforced with ceramic particles. In this study, the constituent material of the rotating disk is considered to be a metal-ceramic composite with various ceramic volume fractions through the disk radius. A selected set of finite element calculations were done to establish the validity of the proposed method using the commercially available software ABAQUS. A parametric study was carried out to study the effect of variation of material properties on the distribution of stresses inside the rotating disk. The conclusions are drawn in Sec. 5.
Theoretical Model
In the development of the model, it was assumed that the metal-ceramic composite is locally isotropic and yields according to the von Mises criterion. The axisymmetric structure (here a thin disk) is divided into infinitesimally small axisymmetric thin rings. A ring located at distance r from the disk center-see Fig. 1(a) has the elastic modulus, E(r), Poisson ratio v(r), and is assigned an effective stress-strain curve that represents the plastic behavior of the ring material. 
In the analysis, first E eff ðrÞ ¼ EðrÞ and v eff ðrÞ ¼ vðrÞ for each element. Considering all elements to satisfy the requirements of equilibrium and compatibility at their boundary (i.e., interface with adjacent elements), the state of elastic stress in the thin rotating disk was evaluated in each step using Lame's equations for each elastic strip [34] . For a thin strip located at x, the inside and outside displacements, u 1 and u 2 , are related to the inside and outside pressures, p 1 and p 2, by the following relations 
where in the plane stress case 
where r and (r þ dr) are the inner and outer radii of the strip. After assembling all strips together, a system of linear equations of the form ½C 0 fUg ¼ fPg þ fK 0 g is obtained, where fUg is the radial displacement vector of the strips at their interface, fPg is the interfacial pressure vector, and fK 0 g is the matrix denoting the contribution of the inertia. Solving this equation gives fUg.
Next, E eff ðrÞ is updated by applying the projection method for each element based on the calculated equivalent (von Mises) stress [33] (i.e., E eff ðrÞ ¼ rðeeff Þ eeff , where the function rðeÞ represents the effective stress-strain curve of the material at distance r). The effective Poisson ratio for each element, v eff ðrÞ, is obtained using Eq. (3). In the next step, the state of stress in each element is recalculated using the updated values of effective elastic modulus and effective Poisson's ratio. This procedure is continued until the convergence to the stress solution is achieved.
Several models have been proposed for estimating the linear and nonlinear response of particulate composites, which are capable of predicting the effective mechanical properties of the composite material with high fidelity for relatively simple microstructures or low volume fraction of one of the constituents [35] [36] [37] [38] [39] [40] [41] . More complex models of materials with varying elastic and plastic properties have taken into consideration the effect of material gradation, microstructure, and the interactions between the material constituents [42] [43] [44] [45] [46] [47] [48] . Here, we assumed that the metal matrix has bilinear elastic-plastic behavior with density, q m , elastic modulus, E m , tangent modulus, H m , and yield stress, r m y . The ceramic was assumed to have density, q c , and be linear elastic with elastic modulus, E c . We estimated the material properties of the metal-ceramic composite (density, q mc ; elastic modulus, E mc ; overall flow strength of the composite corresponding to the onset of yielding, r mc y ; tangent modulus of the composite representing its strain hardening behavior, H mc ) using the modified rule of mixture for composites [49] 
where f denotes the volume fraction of the ceramic particles and q is the so called stress to strain transfer ratio, a parameter which is independent of f and defines the metal/ceramic interface behavior [49] . In all the calculations presented here, the metal component of the FG material has E m ¼ 56 GPa, H m ¼ 12 GPa, r , and the Poisson ratio is assumed to be constant and equal to 0.25 [50] . The density and elastic modulus of ceramic were varied systematically in the ranges of $5 GPa-560 GPa (i.e., 0.1 < E c /E m < 10) and 10 2 kg/m 3 -10 4 kg/m 3 (i.e., 0.1 < q c /q m < 10), respectively. The values of ceramic density and ceramic modulus of elasticity q c ¼ 10 4 kg/m 3 and E c ¼ 80 GPa were taken in the calculations as default, respectively. The ceramic Poisson's ratio was considered to be 0.25. The value of q is taken as 17.2 GPa based on the micro-indentation experiments by Gu et al. [50] .
To account for a wide range of possible distribution patterns of ceramic particles, two different power-law distributions for the ceramic volume fraction were considered:
(i) A rotating disk with a monotonic increase in the ceramic volume fraction from 0 at its center to f o at the outer radius
where R is the disk radius, f c ðrÞ is the ceramic volume fraction at distance r from the disk center, and n is the exponent of the ceramic volume fraction distribution function.
(ii) A rotating disk with a monotonic decrease in the ceramic volume fraction from f i at its center to 0 at the outer radius.
(2) denote a metallic disk and n ¼ 0 in both equations denotes a uniformly reinforced metal--ceramic disk.
3 Stresses in a Uniform Rotating Disk Figure 1 shows the stresses distribution in a uniform elastoplastic rotating disk obtained from three different methods, namely, finite element analysis, a modified form of the semianalytical method introduced by You and Zhang [1] , and the VMP method outlined in Sec. 2. The material is considered to behave according to a bilinear stress-strain curve (e.g., linear strain hardening behavior) with the properties shown in Fig. 1(a) .
The analytical method proposed by You and Zhang [1] is based on the assumption that the stresses induced in a solid uniform rotating disk of constant thickness can be estimated by a polynomial of the even powers of radius r. The polynomial terms are obtained by satisfying the requirement of compatibility and equilibrium. For a rotating disk made of a material with linear strain hardening in the plastic regime, however, the method presented in Ref. [1] does not show a good agreement with the results obtained from the finite element analysis. To enhance the accuracy of the method, You and Zhang estimated the linear strain hardening behavior with a nonlinear, polynomial form of stress-plastic strain curve at small plastic strains.
We have re-evaluated the work by You and Zhang and noticed that the error in the results for a linear strain hardening behavior can be avoided by simplifying the boundary conditions of governing equation. This simplification results in a significant reduction of the complexity of the equations that should be solved and the associated numerical errors. The details of the modified solution method are presented in Appendix. The radial stress distributions obtained from the three methods show a good agreement for both elasto-plastic and fully plastic disks, Fig. 1(c) . However, the modified You and Zhang method could not predict the tangential stresses close to the outer edge of the disk with high fidelity. According to the results shown, the VMP method is capable of predicting stresses in both elasto-plastic and fully plastic disks with high fidelity.
Stresses in a FG Rotating Disk
In Fig. 2 , the distribution of the principal and von Mises stresses in a FG disk with a linear decrease in the ceramic content in the radial direction (f i ¼ n ¼ 1) and a FG disk with a linear increase in the ceramic content in the radial direction (f o ¼ n ¼ 1) are plotted and compared to the stress distribution in a uniform metal disk for an angular velocity of x ¼ 400 rad/s. At this angular velocity, entire sections of the three disks undergo plastic deformation. Finite element results are also presented for these cases. For finite element modeling of the FG rotating disk, the thin disk was divided into 50 axisymmetric, concentric rings, and each ring was assigned with a material property associated with the material property of the material at the midradius of the ring using Eq. (6). The model was meshed using two-dimensional, eight-node quadrilateral elements and mesh sensitivity analysis was performed to assure that the results are not sensitive to the ring size or meshing. The results obtained from the developed method show excellent agreement with the finite element calculations. The advantage of the proposed method over the finite elements analysis is the computational simplicity and efficiency for parametric and optimization studies.
The disk with f o ¼ n ¼ 1 has the lowest stress at the center and develops relatively uniform hoop and von Mises stress distributions. In contrast, the disk with f i ¼ n ¼ 1 has higher stresses at its center compared to the uniform (all metal) disk and a strongly nonuniform stress distribution. Further analysis of a FG rotating disk with a radially increasing ceramic content (that increases from the disk center to outer radius) is presented in Fig. 3 . The results are obtained by systematically changing the values of ceramic content at the outer radius, f o , and ceramic distribution coefficient, n. Only von Mises stresses are plotted assuming that the failure is mainly related to the excessive value of the von Mises stress. Increasing f o results in a near constant stress distribution and reduces the maximum value of the von Mises stress in the disk. The disk with f o ¼ 1 has near-uniform stress distribution with the maximum von Mises stress occurring at r/R ¼ 0.33. In Fig. 3(b) , we analyzed the stress distribution in a rotating disk with f o ¼ 1 and different distribution exponents. Increasing the value of nfrom 0 to 1 results in a reduction in the maximum von Mises stress. However, further increase in the values of n results in a stress concentration at the outer edge of the rotating disk. Further analysis showed that for a given distribution, the linear increase in the ceramic content provides the most evenly distributed stresses in the disk. We have regenerated a similar set of results for a disk with radially decreasing ceramic content. The results are summarized in Fig. 4 . For all FG disks (i.e., all values of f i and n), the von Mises stress is maximum at the center of the disk and its values increases by increasing f i or n.
To understand the significance of the density and elastic modulus of the material constituents of a rotating disk on the stress distributions, we carried out a parametric study by changing each of these parameters systematically. Figure 5 shows the results obtained by changing the ceramic density, q c , while the metal density is kept constant, q m ¼ 10 4 kg/m 3 , for a rotating disk with f o ¼ 1 and n ¼ 1. In Fig. 5(a) , the distribution of the von Mises stress is plotted for q c =q m ¼ 0.5, 2, 5, and 10 for an angular velocity x ¼ 200 rad/s. The plastic zone initiates from the center in this set of calculations. Increasing the ceramic density increases the von Mises stresses along the radius of the disk due to an increase in the inertia body forces. In this set of calculations, the disk deforms elastically for q c =q m ¼ 0.5 and is fully plastic for all other cases. The locus of elastic and plastic regions in a rotating disk according to the angular velocity is depicted in Fig. 5(b) for different ceramic to metal density ratio, q c /q m . For each curve corresponding to a specific metal to ceramic density ratio, the sections below and above the curve at every angular velocity present the regions of elastic and plastic deformation in the disk, respectively. For example, for a disk with q c /q m ¼ 1 and subjected to x ¼ 300 rad/s, the inner region of 0 < r/R < 0.63 deforms plastically, while the disk deforms elastically in 0.63 < r/R < 1. The map showing the occurrence of fully elastic, partially plastic, and fully plastic disks according to the ceramic to metal density ratio and disk angular velocity is displayed in Fig. 5(c) . By increasing the ceramic density, the plasticity initiates in the disk at a lower angular velocity. The angular velocity range for which the disk deformation is partially plastic becomes narrower by increasing the ceramic relative density.
The role of ceramic to metal elastic modulus ratio, E c /E m , in a rotating disk with f o ¼ 1 and n ¼ 1 is investigated in Fig. 6 . In this set of calculations, the elastic modulus of the metal was kept constant, while the ceramic elastic modulus was changed in the range of 0.1 < E c /E m < 10. By increasing the ceramic elastic modulus, the von Mises stress distribution pattern changes from radially decreasing to an almost uniform distribution along the radius of the disk, and then radially increasing by further increasing the E c /E m value. The optimum value of the modulus of elasticity ratio is obtained as E c /E m ¼ 2 corresponding to the most uniform von Mises stress distribution with the least difference between the minimum and maximum stress along the radius of the FG disk. The locus of elastic and plastic regions in a rotating disk according to the angular velocity is shown in Fig. 6(b) for different E c /E m . For each curve corresponding to a specific metal to ceramic modulus of elasticity ratio, the sections below and above the curve at every angular velocity represent the regions of elastic and plastic deformation in the disk, respectively. For example, for a disk with E c /E m ¼ 10 and subjected to x ¼ 250 rad/s the inner region of 0 < r/R < 0.35 deforms plastically, while the disk deforms elastically in 0.35 < r/R < 1. Interestingly, in all the cases included in these results the plastic deformation initiates from the center of the disk. This is despite the fact that the value of stresses is higher at the outer edge of the disk compared to its center for several cases (e.g., E c /E m ¼ 10). The reason is that the yield stress of the disk material varies along its radius depending on the volume fraction of the ceramic, which is changed linearly in this case. The map showing the occurrence of fully elastic, partially plastic, and fully plastic disk according to the values of ceramic to metal elastic modulus ratio and angular velocity of the disk is shown in Fig. 6(c) . By increasing the ratio of modulus of elasticity, the critical angular velocity corresponding to incipient plasticity monotonically increases, whereas the critical angular velocity corresponding to full plasticity of the disk decreases slightly in the 0.1 < E c /E m < $1 range and then increases by increasing the ceramic elastic modulus.
A similar set of calculations were carried out for disks with radially decreasing ceramic content (f i ¼ 1, n ¼ 1) and the results are summarized in Fig. 7 . The distribution of von Mises stress in disks with different ceramic to metal elastic modulus ratios, E c /E m , is shown in Fig. 7(a) . By decreasing the E c /E m value from 10 to 0.1, the von Mises stress distribution pattern changes from radially decreasing to a near-uniform distribution along the radius of the disk. In contrast to a uniform disk and FG disk with radially increasing ceramic content, the plasticity does not necessarily initiate from the center in a rotating FG disk with radially decreasing ceramic content. In fact, the locus of the incipient plasticity depends on the distribution of material properties inside the disk and the disk thickness profile. In Fig. 7(b) , we have shown the distribution of von Mises stresses inside the disk for different angular velocities. The yield stress of the disk changes linearly according to Eq. (1) and is shown by dashed line in this figure. The plastic region is found by comparing the local equivalent stress with the plastic limit of the local material. At x ¼ 112 (rad/s), the von Mises stress at the outer radius of the disk first reaches the corresponding yielding stress of that radius. By increasing the angular velocity to 138 (rad/s), both the outer radius and the center of the disk become plastic, and the middle part of the disk becomes elastic. At x ¼ 145 (rad/s), the entire disk undergoes plastic deformation. The locus of elastic and plastic regions in the disk according to angular velocity of the disk is depicted in Fig. 7(c) for different modulus of elasticity ratios, E c /E m . It is shown that in the FG rotating disks, the plasticity can initiate from the outer radius, middle section, or center of the disk depending on different reinforcement distributions and/or reinforcement properties. For instance, by increasing the angular velocity in initially fully elastic disks with E c /E m of 0.1, 1, and 10, the plastic zone is initiated from the outer radius, center, and middle section of the disk, respectively. The map showing the occurrence of fully elastic, partially plastic, and fully plastic disks according to the values of ceramic to metal elastic modulus ratio and angular velocity of the disk is given in Fig. 7(d) . By increasing the modulus of elasticity ratio the critical angular velocity corresponding to incipient and full plasticity of the disk increases nonlinearly.
To illustrate the capability of the proposed method in optimization and parametric studies of the elastic-plastic rotating disk problem, we have obtained the optimized distribution of the ceramic particles leading to the minimum outer edge displacement in a FG rotating disk. The distribution of the ceramic through the radius of disk was changed by varying the n and f parameters in Eqs. (1) or (2) . The average volume fraction of ceramic is obtained by integrating the ceramic volume fraction over the radius and dividing it by the disk volume. For a disk with a radially
The disk outer edge displacement normalized by disk radius versus the average volume fraction of ceramic constituent in a disk with x ¼ 400 rad/s and different reinforcement distribution coefficients f o is obtained and is shown in Fig. 8(a) . The outer edge displacement is minimum when n ¼ 0 in Eq. (7), implying that within disks with constant or increasing ceramic content in the radial direction the uniform ceramic particle distribution yields the minimum radial plastic expansion. For disks with radially decreasing ceramic content according to Eq. (8) and x ¼ 400 rad/s, the normalized outer edge displacement is plotted versus the average ceramic volume fraction in Fig. 8(b) . In disks with increasing ceramic content toward the center, whenever the value of ceramic average volume fraction is greater than 0.3 the disk with f i ¼ 1 yields the minimum outer edge displacement. When the average value is less than 0.3, the outer edge displacement in a disk with f i ¼ f opt < 1 is minimum. However, the difference between the displacements in disks with the f i ¼ f i opt and f i ¼ 1 is relatively small. 
Conclusion
The elasto-plastic stress field in a FG rotating disk was obtained using an extended VMP method and was used to analyze metal--ceramic rotating disks with different ceramic particle distributions. Our work suggests that reinforcement of metal disks with ceramic particles can significantly influence the mechanical response of the disk such as the critical angular velocity corresponding to the onset of and full plasticity, as well as the distribution of stresses in the disk. It was shown that in a FG disk, the plastic deformation does not essentially initiate from the center of the rotating disk and might originate at the outer edge or the middle section of the disk. These cases were shown to happen for disks with decreasing ceramic content through the radius of the disk and different ceramic to metal ratios of elastic modulus. Also, it was shown that disks with an increasing ceramic content toward the outer edge have a more uniform stress distribution. This was expected since typically higher stresses are developed in regions of higher stiffness in a composite structure (i.e., in our case, regions with a high ceramic volume fraction) as compared to the uniform, elastic structure under the same loading condition. As an example of the application of the proposed method, different power-law ceramic volume fraction distributions were compared to obtain the optimum reinforcement distribution that leads to the minimized outer edge displacement. It was shown that by increasing the ceramic content in the central region of the disk, the outer edge displacement of the disk decreases. Although our parametric study does not offer a general conclusion for selecting the optimum material configuration for a particle reinforced rotating disk, it does provide enough insight for selecting the nearoptimized reinforced configurations. 
Finally, stresses inside the plastic and elastic regions can be obtained following Eqs. (A3) and (A13), respectively. Using the proposed analytical method which is discussed briefly above, we re-evaluated the case1 problem in Ref. [1] and obtained closer stresses to finite elements results compared to those obtained by You and Zhang. For example, the stress at the center of the disk with the given linear hardening parameters (Eq. (27) in Ref. [1] ) was obtained to be equal to 300.8 MPa by our analysis with 0.9% error from the finite element result (298 MPa), compared to the value of $335 MPa obtained by You and Zhang which has an error equal to $12.5% compared to the finite element analysis. The error in calculating the elastic-plastic stresses associated with the assumption of linearly hardening material is also reported in Ref. [3] , which is erroneous according to our analysis and could be developed as a result of employed solution method.
